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Abstract
A fuzzy neural networks are connectionist systems that facilitate learning from data, reasoning over fuzzy rules, rule insertion, rule extraction, and rule adaptation. The concept of
a particular class of fuzzy neural networks, called FuNNs, is further developed in this paper to
a new concept of evolving neuro-fuzzy systems (EFuNNs), with respective algorithms for
learning, aggregation, rule insertion, rule extraction. EFuNNs operate in an on-line mode and
learn incrementally through locally tuned elements. They grow as data arrive, and regularly
shrink through pruning of nodes, or through node aggregation. The aggregation procedure is
functionally equivalent to knowledge abstraction. EFuNNs are several orders of magnitude
faster than FuNNs and other traditional connectionist models. Their features are illustrated on
a bench-mark data set. EFuNNs are suitable for fast learning of on-line incoming data (e.g.,
"nancial time series, biological process control), adaptive learning of speech and video data,
incremental learning and knowledge discovery from large databases (e.g., in Bioinformatics),
on-line tracing processes over time, life-long learning. The paper includes also a short review of
the most common types of rules used in the knowledge-based neural networks.  2001
Elsevier Science B.V. All rights reserved.
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1. Introduction: adaptive learning and knowledge processing in connectionist-based
intelligent information systems
The complexity and the dynamics of many real-world problems, especially in
engineering and manufacturing, requires sophisticated methods and tools for building
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intelligent information systems (IS). Such systems should be able to learn and deal
with di!erent types of data and knowledge through interaction with the environment
in an incremental way. Seven major requirements to the IS are listed below as
explained in [28]. An IS should be able to:
(1) learn fast from a large amount of data, e.g., through one-pass training;
(2) adapt in an on-line mode where new data is incrementally accommodated;
(3) have an `opena structure where new features (relevant to the task) can be
introduced at any stage of the system's operation, e.g., the system creates `on the
#ya new inputs, new outputs, new modules and connections;
(4) memorize data exemplars for a further re"nement, or for information retrieval;
(5) learn and improve through active interaction with other IS and with the environment in a multi-modular, hierarchical fashion;
(6) adequately represent space and time in their di!erent scales; have parameters that
represent short- and long-term memory, age, forgetting, etc.;
(7) deal with knowledge in its di!erent forms (e.g., rules; probabilities); analyze itself
in terms of behavior, global error and success; `explaina what the system has
learned and what it `knowsa about the problem it is trained to solve; make
decisions for a further improvement.
Some of the above seven issues have already been addressed in di!erent connectionist systems. Such systems can successfully perform incremental learning [7}15],
on-line learning [9,13,20]; can deal with rules [3,5,17,32,34,40,49,50,55]. The latter
class of neural networks (NN) are also called knowledge-based neural networks
(KBNN).
On-line learning is concerned with learning data as the system operates (usually in
a real time) and data might exist only for a short time. NN models for on-line learning
are introduced and studied in [1,9,13,20,34,55]. Several investigations proved that the
most popular neural network models and algorithms are not suitable for adaptive,
on-line learning, that include: multi-layer perceptrons trained with the backpropagation algorithm, radial basis function networks [13], self-organising maps (SOMs)
[35,36], and fuzzy neural networks [22,40]. These models either operate on a "xed
size connectionist structure, that limits its ability to accommodating new data; they
may require both new data and the preciously used ones in order to adjust to the new
data; they may require many iterations of passing data through the connectionist
structure in order to learn it, which could be unacceptably time-consuming; they may
be based on a global optimization algorithm, i.e., during the learning of each data item
all the elements of the connectionist structure need to be adjusted. Problems of
choosing the optimal initial structure, of arriving at a local minimum, of catastrophic
forgetting, of lack of meaningful explanation of the stored in the connections information, and others, are often experienced (see [4]).
KBNN are pre-structured neural networks that allow for data and knowledge
manipulation, including learning from data, rule insertion, rule extraction, adaptation
and reasoning. KBNN have been developed either as a combination of symbolic AI
systems and NN [3,25,49,50], or as a combination of fuzzy logic systems [56] and NN
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[18,22}32,40,55], or as other hybrid systems [24,40,55]. Rule insertion and rule
extraction operations are typical operations for a KBNN to accommodate existing
knowledge along with data, and to produce an explanation on what the system has
learned.
Many of the existing KBNN can capture rules but cannot operate in an on-line
mode. They are usually trained in a batch, o!-line mode, and then rules are extracted.
A representative of this class KBNN is called fuzzy neural network FuNN [24}27,32]
and is described in Section 3. FuNNs can be used to learn from data and for rule
extraction and rule insertion. FuNN is further developed into a new class of KBNN
called evolving fuzzy neural networks EFuNN (Section 4). EFuNNs have the advantages of the traditional NNs, KBNNs, and instance-based learning systems, but in
addition they can operate in an on-line mode. The move from FuNNs to EFuNNs is
a move from global optimization to local element tuning, from multiple-pass learning
to one-pass learning, from a "xed connectionist structure to a #uctuating one,
allowing for growing through insertion of nodes, and shrinking through node aggregation or pruning. This is also a move from one type of rules, that is dealt with in
the FuNN structure, to another type, that is dealt with in the EFuNN structure, from
the fuzzy neural network principles, where a NN structure is associated with linguistically meaningful fuzzy concepts, to neuro-fuzzy systems, where a connectionist-type
learning mechanism is associated with a set of fuzzy rules. The two systems, FuNN
and EFuNN, have a similar connectionist structure, but are based on di!erent
learning principles that de"ne their functionality and applicability. A comparative
analysis of FuNNs and EFuNNs is presented and illustrated on a bench-mark
problem of dynamic time-series prediction.
Before the principles of FuNNs and EFuNNs, and the transition between the two,
are described, di!erent types of rules widely used in the KBNN, and some of them in
the FuNN and the EFuNN architectures, are presented in the section below.

2. Rule extraction from KBNN = di4erent types of rules
Knowledge (e.g., rules) is the essence of what a KBNN system has learned during its
operation. Manipulating rules in a KBNN can pursue the following objectives:
(1) Understanding and explanation of the data used to train the KBNN; improvement of the KBNN system. The extracted rules can be analyzed either by experts,
or by the system itself [18,22,24,32,40,55]. Di!erent methods for reasoning can be
subsequently applied to the extracted set of rules [24,56].
(2) Maintaining an optimal size of the KBNN that is adequate to the expected
accuracy of the system. Reducing the structure of a KBNN can be achieved
through regular pruning of nodes and connections thus allowing for knowledge
to emerge in the structure, or through aggregating nodes into bigger rule clusters.
The former approach is used in [19,21,38,39,41,44,46,47,53]. The latter one is
explored in this paper. It is based on a regular aggregation of rule nodes in the
KBNN structure, which is equivalent to aggregating rules into rule clusters before
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new data and new knowledge is accommodated in the system. This is the case
with the EFuNNs.
Di!erent KBNNs are designed to represent di!erent types of rules, some of them
listed below [24]:
(1) Simple propositional rules (e.g., IF x1 is A AND/OR x2 is B THEN y is C, where
A, B and C are constants, variables, or symbols of true/false type);
(2) Propositional rules with certainty factors (e.g., IF x1 is A (CF1) AND x2 is
B (CF2) THEN y is C (CFc));
(3) Zadeh}Mamdani fuzzy rules [56] (e.g., IF x1 is A AND x2 is B THEN y is C,
where A, B and C are fuzzy values represented by their membership functions);
(4) Takagi}Sugeno fuzzy rules [22,40] (e.g., IF x1 is A AND x2 is B THEN y is
a.x1#b.x2#c, where A, B and C are fuzzy values and a, b and c are constants);
(5) Fuzzy rules of type (3) with degrees of importance and certainty degrees
[18,24,32] (e.g., IF x1 is A (DI1) AND x2 is B (DI2) THEN y is C (CFc), where
DI1 and DI2 represent the importance of each of the condition elements for the
rule output, and the CFc represents the strength of this rule);
(6) Fuzzy rules that represent associations of clusters of data from the problem space
(e.g., Rule j: IF [an input vector x is in the input cluster de"ned by its center (x1 is
Aj, to a membership degree of MD1j, AND x2 is Bj, to a membership degree of
MD2j) and by its radius Rj-in] THEN [y is in the output cluster de"ned by its
center (y is C, to a membership degree of MDc) and by its radius Rj-out, with
Nex( j) examples represented by this rule] (see [5,9,34,36]);
(7) Temporal rules [30] (e.g., IF x1 is present at a time moment t1 (with a certainty
degree and/or importance factor of DI1) AND x2 is present at a time moment t2
(with a certainty degree/importance factor DI2) THEN y is C (CFc));
(8) Temporal, recurrent rules (e.g., IF x1 is A (DI1) AND x2 is B (DI2) AND y at the
time moment (t!k) is C THEN y at a time moment (t#n) is D (CFc)).
FuNNs deal with rules of type (5), and EFuNNs deal with rules of type (6), (7) and
(8). Here only EFuNN rules of type (6) are discussed.
There are several methods for rule extraction from a KBNN. Three of them are
explained below:
(1) Rule extraction through activating a trained KBNN on input data and observing
the patterns of activation (the short-term memory). The method is not practical
for on-line, incremental learning in IS as past data may not be available for
a consecutive activation of the trained KBNN. This method is widely used in
brain-research (e.g., analyzing MRI, fMRI and EEG patterns and signals to detect
rules of behavior [2,4]).
(2) Rule extraction through analysis of the connections in a trained KBNN
[3,18,24,40,55] (the long-term memory). This approach allows for extracting
knowledge without necessarily activating the connectionist system again on input
data. It is appropriate for on-line learning and system improvement. This is the
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case in the rule extraction procedures of FuNNs and EFuNNs. This approach is
not used in brain study research as there are no methods known so far for
processing information stored in neuronal synapses.
(3) Combined methods of (1) and (2).
In terms of applying the extracted rules from a KBNN to infer new information,
there are three types of methods used in the KBNN:
(1) The rules extracted from a KBNN are interpreted in another inference machine.
The learning module is separated from the reasoning module. This is also the
main principle used in many AI and expert systems, where the rule base acquisition is separated from the inference machine [5,24,40].
(2) The rule base learning and reasoning modules constitute an integrated structure,
so reasoning is part of the rule learning, and vice versa. This is the case of
EFuNNs.
(3) The two options from above are possible within one intelligent system.
In terms of learning modes in a KBNN, we can di!erentiate the following cases:
(1) o!-line learning and rule extraction * "rst learning is performed and then rules are
extracted which is one}o! process, an example for such systems is FuNN; (2) on-line
learning and rule extraction * rules can be extracted as part of the continuous on-line
learning process, an example is EFuNN.
In terms of mode of optimization of the connections as part of the learning process,
there are three cases: (1) globally optimized KBNN * an example is FuNN; (2) locally
optimized KBNN * an example is EFuNN; (3) a mixture of both partial and global
optimization. Globally optimized KBNN use global optimization algorithms, such as
gradient-descent algorithms (e.g., [5,13,18,32,40,55]), and genetic algorithms (e.g.,
[16,48,52]). Usually these algorithms are computationally expensive, require the
whole previous data in order the system to adjust to new data, and are applied in an
o!-line, batch mode. These methods often cause local minimum problems and
catastrophic forgetting when used for on-line adaptation [24]. They require multiple
iterations to train the KBNN. The KBNN optimized through a mixture of local and
global optimization use a combination of locally optimized elements, and another
part of the connectionist structure being globally optimized. This approach is used in
radial basis function NN [13], the feature space mapping [9], the GAL method [1],
growing and splitting elastic nets [14], melting octree network [11], CONSIDER
[49]. The partially locally optimized KBNN still involve global optimization algorithms, that may cause a problem when applied to on-line learning tasks.
The method of local optimization of KBNN would allow for adjusting the KBNN
to new data through tuning a small number of elements, and also for extracting locally
meaningful rules. The rules can be tuned as the system works, can be optimized and
used for a higher level processing. Some theoretical investigations on locally optimized systems have been conducted by Vapnik and Bottou [51]. One approach to
building locally optimized KBNN for adaptive learning, rule extraction, rule aggregation, and rule reasoning for the purpose of a continuous adaptation in an
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on-line, life-long learning mode is based on the EFuNN structure and is presented in
Sections 4 and 5.
On-line learning and local optimization in a KBNN would allow for tracing
the process of knowledge emergence, for analyzing how rules change over time.
That is illustrated in Section 5 on the bench mark data set with the use of the
EFuNN.

3. Fuzzy neural networks FuNNs = global optimization in multiple steps, synergistic
reasoning over synergistic rules
3.1. The FuNN architecture. learning, reasoning and rule extraction in FuNNs
Fuzzy neural networks are NN models that allow for fuzzy rules to be manipulated
[5,18,22,24,32,34,55]. FuNN is a fuzzy neural network introduced in [24] and developed in [25}27,32] (see also WWW site: http://divcom.otago.ac.nz/infoscie/kel/
CBIIS.htm }' FuzzyCope3). FuNN is a connectionist feed-forward architecture
with "ve layers of neurons and four layers of connections (Fig. 1). The "rst layer of
neurons receives the input information. The second layer (the condition element layer)
calculates the fuzzy membership degrees to which the input values belong to
prede"ned fuzzy membership functions, e.g., small, large. The third layer of neurons
(rule layer) represents associations between the input and the output variables, fuzzy
rules. The fourth layer (action element layer) calculates the degrees to which output
membership functions are matched by the input data, and the "fth layer performs
defuzzi"cation and calculates exact values for the output variables. Each layer of
neurons has a set of parameters that de"ne, respectively, its summation function * to
aggregate the incoming signals, its activation function * to calculate the activation
value of the neurons, and its output function * to calculate the output values.
Learning in FuNNs is based on global optimization techniques and the output error
is minimized through changing all the connection weights for multiple learning

Fig. 1. An exemplar FuNN structure.
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iterations [32]. Several global optimization training algorithms have been developed
for FuNNs [24,32]. They include:
(a) A modi"ed back-propagation (BP) algorithm that does not change the input and
the output connections that represent the membership functions (MF).
(b) A modi"ed BP algorithm that utilizes structural learning with forgetting, i.e.,
a small forgetting ingredient, e.g., 10\, is used when the connection weights are
updated [21,37].
(c) A modi"ed BP algorithm that updates both the inner connection layers and the
membership layers. This is possible when the derivatives are calculated separately
for the two parts of the triangular MF. These are also the non-monotonic
activation functions of the neurons in the condition element layer [32].
(d) A genetic algorithm for training [52] * implemented in the FuzzyCOPE/3
simulator.
(e) Training with the so-called zeroing and pruning method [26].
The membership functions (MF), used in FuNN to represent fuzzy values, are either
of a triangular, or of a Gaussian type, the centers of them being attached as weights to
the corresponding connections. The MF can be modi"ed during the learning procedure (e.g., altering the centers and the widths of the triangular MF).
When a trained FuNN is recalled on a new input data vector x', the FuNN
performs a fuzzy reasoning procedure of a synergistic type [24,32], i.e., the output
vector y' is calculated as a result of the activation of all rule nodes (each of them
representing one fuzzy rule of type (5) as described in Section 1), every node contributing to certain degree to the "nal result. This is a typical fuzzy inference method,
implemented in a FuNN structure with the weighted sum operation and a sigmoidal
activation function.
The FuNN is designed to allow for fuzzy rules of type (5) to be inserted and
extracted [24,27,32]. An example of a set of rules is given in Fig. 2 and will be
explained later in this section. The rule extraction procedure consists of the following
steps:

Fig. 2. Modeling the gas-furnace data with FuNN * rules extracted after a FuNN was trained on the "rst
half of the data set. A, B, and C denote `smalla, `mediuma, and `largea fuzzy values, respectively,
represented as triangular membership functions.
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RE1: Train a FuNN that was pre-structured according to certain fuzzy representation of the problem under consideration (inputs, outputs, "xed number of rule nodes,
learning parameters, etc.)
RE2: Represent each rule node as a rule of type (5). For this purpose:
(a) The connection weights are thresholded with the use two thresholds, Thr1 and
Thr2, for the condition-to-rule layer, and for the rule-to-action element layer,
respectively.
(b) Each rule node is represented as a rule according to the FuNN structure shown in
Fig. 1, where only the highest-value condition element for each input variable is
represented in each rule with its neighboring condition elements all expressed in
their corresponding linguistic fuzzy concepts.
RE3: Aggregate rules that have same condition and conclusion parts and di!er only
in the values of the degrees of importance and certainty degrees through calculating
the maximum values for them.
3.2. Using FuNNs for modeling and knowledge manipulation
The gas-furnace data has been used by many researchers in the area of neuro-fuzzy
engineering [22,40]. The data set consists of 292 consecutive values of methane at
a time moment (t!4), and the carbon dioxide (CO ) produced in a furnace at a time

moment (t!1) as input variables, with the produced CO at the moment (t) as an

output variable.
The following steps illustrate just one method of using FuNNs for a time-series
modelling: (1) A FuNN is trained on the "rst half of the data set until convergence; (2)
The trained FuNN is tested on the other half and error is calculated; (3) Weighted
fuzzy rules of type (5) are extracted from the trained FuNN, where 3 membership
functions, uniformly distributed on each of the input and output variable domains,
respectively, are used. Some of the extracted rules are shown in Fig. 2.
The structure and the training of FuNNs make it possible to interpret the incoming
connection weights to the rule node as degrees of importance, and the outgoing
connection weights from the rule nodes as certainty degrees.
FuNNs have several advantages when compared with the traditional connectionist
systems, or with the fuzzy inference systems: (1) they are both statistical and knowledge engineering tools; (2) they are relatively resistant to catastrophic forgetting, i.e.,
when they are further trained on new data, they do not forget much about the
previously used data; (3) they interpolate and extrapolate well in regions where data is
sparse; (4) they accept both real input data and fuzzy input data.
At the same time there are di$culties when using FuNNs for incremental, on-line
learning as FuNNs have a "xed structure and their training is based on global
optimization, rather than on a local element tuning technique. The requirement for
a global optimization and multiple iteration training would not be suitable for on-line
training. The "xed number of rule nodes is opposite to the requirements listed in
Section 1 for having an open structure where new data, new inputs and outputs can be
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Fig. 3. An exemplar EFuNN structure.

accommodated at any time of the operation of the system. In order to overcome these
drawbacks a new architecture was developed * the EFuNN, as presented in the next
section.

4. Evolving fuzzy neural networks EFuNNs: local optimization, on-line learning,
one-rule reasoning, structural growth, and structural aggregation
4.1. The architecture and the principles of EFuNNs
EFuNNs are introduced in [28}30] where preliminary results were given. Here
EFuNNs are further developed, analyzed and applied to a bench-mark problem. An
EFuNN has a "ve-layer structure, similar to the structure of FuNNs (Fig. 1), but here
nodes and connections are created/connected as data examples are presented. An
optional short-term memory layer can be used through a feedback connection from
the rule (also called, case) node layer. The layer of feedback connections could be used
if temporal relationships between input data are to be memorized structurally [30]
* Fig. 3.
In contrast to the FuNNs, in EFuNNs the rule layer, the condition-to-rule connection layer and the rule-to-action connection layer have the meaning expressed in rules
of type (6) (from Section 2). The third layer of neurons in EFuNN evolves through
hybrid supervised/unsupervised learning. Each rule node r is de"ned by two vectors of
connection weights * =1(r) and =2(r), the latter being adjusted through supervised
learning based on the output error, and the former being adjusted through unsupervised learning based on similarity measure within a local area of the problem space.
The fourth layer of neurons represents fuzzy quantization for the output variables,
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similar to the input fuzzy neurons representation. The "fth layer represents the real
values for the output variables.
The evolving process may be based on either of the following two assumptions:
(1) no rule nodes exist prior to learning and all of them are created (generated) during
the evolving process; or (2) there is an initial set of many rule nodes that are connected
to the input and output nodes but their connections are de"ned and updated through
the learning (evolving) process. The latter case is more biologically plausible as when
a child is born its brain contains almost all neurons and connections but their
structure and functionality evolve with the development of the person. The EFuNN
evolving algorithm presented in the next section does not make a di!erence between
these two cases.
Each rule node, e.g., r , represents an association between a hyper-sphere from the
H
fuzzy input space and a hyper-sphere from the fuzzy output space, the =1(r )
H
connection weights representing the co-ordinates of the center of the sphere in the
fuzzy input space, and the =2(r ) * the co-ordinates in the fuzzy output space. The
H
radius of the input hyper-sphere of a rule node r is de"ned as R "1!S , where S is
H
H
H
H
the sensitivity threshold parameter de"ning the minimum activation of the rule node
r to a new input vector x from a new example (x, y) in order the example to be
H
considered for association with this rule node. The pair of fuzzy input}output data
vectors (x , y ) will be allocated to the rule node r if x falls into the r input receptive
D D
H
D
H
"eld (hyper-sphere), and y falls in the r output reactive "eld hyper-sphere. This is
D
H
ensured through two conditions, that a local normalized fuzzy di!erence between
x and =1(r ) is smaller than the radius r and the normalized output error Err"
D
H
H
"" y!y""/N is smaller than an error threshold E, N is the number of the outputs in


the EFuNN and y is the output vector produced by the EFuNN. The error threshold
parameter E sets the error tolerance of the system. It also de"nes the radius of the
output cluster for each rule node.
De5nition. A local normalised fuzzy distance between two fuzzy membership vectors
d and d that represent the membership degrees to which two real data vectors
D
D
d and d belong to pre-de"ned MFs, is calculated as


D(d , d )"""d !d ""/""d #d "",
(1)
D D
D
D
D
D
where: ""p!q"" denotes the sum of all the absolute values of a vector that is obtained
after vector subtraction (or summation in case of ""p#q"") of two vectors p and q;
` / a denotes division. For example, if d "(0,0,1,0,0,0) and d "(0,1,0,0,0,0), than
D
D
D(d , d ) " (1#1)/2"1 which is the maximum value for the local normalized fuzzy
 
di!erence when uniformly distributed triangular membership functions are used. In
EFuNNs, the local normalized fuzzy distance is used to measure the distance between
a new input data vector and a rule node in the local vicinity of this rule node. In RBF
networks Gaussian radial basis functions are allocated to the nodes and used as
activation functions to calculate the distance between the node and the input vector
across the whole input space.
Through the process of associating new data points to a rule node r , the center of
H
this node and its radius adjust in the fuzzy input space depending on the distance
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between the new input vectors and the current rule node position, and on a learning
rate l , and in the fuzzy output space depending on the output error through the
H
Widrow}Ho! LMS algorithm (delta algorithm). This adjustment can be represented
mathematically by the change of the connection weights of the rule node r from
H
=1(rR) and =2(rR) to =1(rR>) and =2(rR>), respectively, according to the
H
H
H
H
following vector operations:
=1(rR>)"=1(rR)#l (=1(rR)!x )
(2)
H
H
H
H
D
=2(rR>)"=2(rR)#l (A2!y )A1(rR)
H
H
H
D
H
where A2"f (=2A1) is the activation vector of the fuzzy output neurons in the

EFuNN structure when x is presented; A1(rR)"f (D(=1(rR), x )) is the activation
H

H
D
of the rule node rR; a simple linear function can be used for f and f e.g.,
H


A1(rR)"1!D(=1(rR), x )); l is the current learning rate of the rule node r calH
H
D H
H
culated as l "1/Nex(r ), where Nex(r ) is the number of examples currently assoH
H
H
ciated with rule node r . The statistical rationale behind this is that the more examples
H
are currently associated with a rule node the less it will `movea when a new example
has to be accommodated by this rule node. When a new example is associated with
a rule node r not only its location in the input space, but also its receptive "eld
H
expressed as its radius Rj, and its sensitivity threshold Sj, change as follows:
RjR>"RjR#D(=1(rR>), =1(rR)),
(3)
H
H
respectively: SjR>"SjR!D(=1(rR>), =1(rR))
H
H
While the connection weights =1 and =2 capture fuzzy co-ordinates of the learned
prototypes (exemplars) represented as centers of hyper-spheres, the temporal layer of
connection weights =3 from Fig. 3 captures temporal dependencies between consecutive data examples. If the winning rule node at the moment (t!1) (to which the
input data vector at the moment (t!1) was associated) was rR\, and the winning

node at the moment t is rR , then a link between the two nodes is established as

follows:
=3(rR\, rR )"=3(rR\, rR ) #l .A1(rR\)A1(rR )
(4)







where A1(rR) denotes the activation of a rule node r at a time moment (t); l de"nes the

degree to which the EFuNN associates links between rule nodes (clusters, prototypes)
that include consecutive data examples. If l "0, no temporal associations are

learned.
The EFuNN system was explained so far with the use of one rule node activation
(the winning rule node for the current input data). The same formulas as above are
applicable when activation of m rule nodes (m'1) is propagated and used (the
so-called `many-of-na mode, or `m-of-na for short). Usually m"3.
The supervised learning in EFuNN is based on the above-explained principles, so
when a new data example d"(x, y) is presented, the EFuNN either creates a new rule
node r to memorize the two input and output fuzzy vectors =1(r )"x and
L
L
D
=2(r )"y , or the EFuNN adjusts the position and the radius of an existing rule
L
D
node r to accommodate this example.
H
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After a certain time (when certain number of examples have been presented) some
neurons and connections may be pruned or aggregated. Aggregation techniques are
explained in a later section of the paper.
Di!erent pruning rules can be applied for a successful pruning of unnecessary nodes
and connections. One of them is given below:
IF (Age(r )'OLD) AND (the total activation TA(r ) is less than a pruning
H
H
parameter Pr times Age (r ) ) THEN prune rule node r , where Age(r ) is calculated
H
H
as the number of examples that have been presented to the EFuNN after r had
H
been "st created; OLD is a pre-de"ned age limit; Pr is a pruning parameter in the
range [0,1], and the total activation TA(r ) is calculated as the number of examples
H
for which r has been a correct winning node (or among the m winning nodes in the
H
m-of-n mode of operation).
The pruning rule and the way the values for the pruning parameters are de"ned,
depend on the application task.
4.2. Local versus global generalization error. EFuNNs for on-line learning of dynamic
time series
Modeling, tracing and predicting chaotic dynamic time series of continuously
incoming data (with possibly changing dynamics) is an extremely di$cult task. It can
only be attempted with the use of on-line learning methods and the application of
locally optimized structures as it is the case of EFuNNs. Here, the on-line learning
ability of EFuNNs through one-pass local optimization is illustrated on the same
gas-furnace bench-mark time-series data set as it was the case in Section 3 when
FuNN was used.
In contrast to the experiment with the FuNN, here an EFuNN was trained on each
data pair of input}output vectors as they become available in an on-line mode, and
then tested immediately to predict the following data item, before the latter is
accommodated (learned) in the system. Fig. 4a shows the real versus the predicted by
an EFuNN values when the EFuNN was trained on the "rst half of the gas-furnace
data (o!-line, one-pass training). The evolved EFuNN is tested in an o!-line mode
on the second half of the data, similar to the training and testing of FuNN from
Section 3 (Fig. 4b). The results are much better when EFuNN continues to evolve
on each data example from the second half of the data set after it is tested on this
example (on-line continuous evolving), as we can assume that the desired output
values of the time series become available in the evolving process * Fig. 4c.
For an on-line learning mode, in which the EFuNN is adjusted incrementally to
each example from the data stream, the generalization error on the next new input
vector (for which the output vector is not known) is called local generalization error.
The local generalization error at the moment t, for example, when the input vector is
Xdt, and calculated by the evolved EFuNN output vector is >dt, is expressed as Err .
R
The cumulative local generalization error can be estimated as
.
TErr "sum+Err ,
R
 R  2G

(5)

NEUCOM 1207
N.K. Kasabov / Neurocomputing 000 (2001) 000}000

13

Fig. 4. The process of an EFuNN evolving on the gas-furnace data set. The desired versus the predicted one
step ahead value by the EFuNN when: (a) EFuNN trained on the "rst half of the data; RMSE"0.88; (b) the
trained from (a) EFuNN is tested on the second half of the data set * RMSE"4.70; (c) an EFuNN trained
on the "rst half is continuously tested on each example from the second half and after that this example is
added to the EFuNN * RMSE"0.81. The following parameter values have been assigned [3.000, 0.100,
!1.000, 70.000, 60.000, 0.500, 2.000, 1.000, 1.000, 0.100, 0.100] to the respective parameters: number of
MF, E, Pr, Age, N , R , distance measure (in this case it is Euclidean); m; normalized values used;


¹1 and ¹2.
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In contrast to the global generalization error calculated for FuNNs, which can also be
calculated for EFuNNs, here the error Err is calculated after the EFuNN has learned
R
the previous example (Xd(t!1), >d(t!1)). Each example is propagated only once
through the EFuNN, both for testing the error and learning (after the output vector
becomes known). The root mean square error can be calculated for each data point Di
from the input data stream as
RMSE(i)"sqrt(sum+Err ,
)/i,
(6)
 R  G
where Err "(d !o ), d is the desired output value and o is the EFuNN output
R
R
R
R
R
value produced for the t input vector Dt. The non-dimensional error index NDEI(i)
RF
can also be calculated as
NDEI(i)"RMSE(i)/std(D(1 : i)),

(7)

where std(D : Di) is the standard deviation of the data points from D to Di.


After an EFuNN is evolved on some examples from the problem space, its global
generalization error can be evaluated on a set of p new examples from the problem
space as follows:
GErr"sum+Err ,
,
(8)
G G  2N
where Err is the error for a vector x from the input space X, which vector has not
G
G
been and will not be used for training the EFuNN before the value GErr is calculated.
After having evolved an EFuNN on a small, but representative part of the whole
problem space, its global generalization error may become su$ciently small.
When issues such as universality of the EFuNN mechanism, learning accuracy,
generalization and convergence for di!erent tasks are discussed, two cases must be
distinguished:
(A) The incoming data is from a compact and bounded data space. In this case the
more data vectors are used for evolving an EFuNN, the better its global generalization is on the whole problem space (or on an extraction of it).
(B) Open problem space, where the data dynamics and data probability distribution
change over time in a continuous way. Here, only local generalization error can
be evaluated.
5. Fuzzy rule insertion, on-line rule adaptation, and rule extraction in EFuNNs for
on-line applications
5.1. Rule insertion, rule adaptation, rule aggregations and rule extraction in EFuNNs
EFuNNs are adaptive rule-based systems. Manipulating rules is essential for their
operation. This includes rule insertion, rule extraction, and rule adaptation.
At any time (phase) of the evolving (learning) process, fuzzy or exact rules can be
inserted and extracted from an EFuNN structure. Insertion of fuzzy rules is achieved
through setting a new rule node r for each new rule, such that the connection weights
H
=1(r ) and =2(r ) of the rule node represent this rule. For example, the fuzzy rule
H
H
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(IF x is Small and x is Small THEN y is Small) can be inserted into an EFuNN


structure by setting the connections of a new rule node to the fuzzy condition nodes
x -Small and x -Small and to the fuzzy output node y-Small to a value of 1 each. The


rest of the connections are set to a value of zero. Similarly, an exact rule, e.g., IF x is

3.4 and x is 6.7 THEN y is 9.5, can be inserted into an EFuNN structure. Here the

membership degrees to which the input values x "3.4 and x "6.7, and the output


value y"9.5 belong to the corresponding fuzzy values are calculated and attached to
the corresponding connection weights.
Rule extraction and rule aggregation are important operations as EFuNN is a knowledge-based connectionist model. Each rule node r can be expressed as a fuzzy rule,
H
for example:
r : IF x1 is Small 0.85 and x1 is Medium 0.15 and x2 is Small 0.7 and x2 is Medium
H
0.3 (Radius of the receptive "eld Rj"0.1, maxRadiusj"0.2) THEN y is Small 0.2
and y is Large 0.8 (Radius of the reactive "eld E) [number of examples associated
with this rule 20 out of 175],
where the numbers attached to the fuzzy labels denote the degrees to which the centers
of the input and the output hyper-spheres belong to the respective MF. The degrees
associated to the condition elements are the connection weights from the matrix =1.
Only values that are greater than a threshold ¹1 are shown in the rules. The degrees
associated with the conclusion part are the connection weights from =2 that are
greater than a threshold ¹2. The other parameters associated with the rule represent
the importance and the strength of the rule. An example of rules extracted from
a bench-mark dynamic time-series data is given in the next sub-section. The two
thresholds ¹1 and ¹2 are used to disregard the connections from =1 and =2 that
represent small and insigni"cant membership degrees (e.g., less than 0.1).
Another knowledge-based technique applied to EFuNNs is rule node aggregation.
Through this technique several rule nodes that are close to each other in the problem
space are merged into one. The idea is illustrated in Fig. 5.
The aggregation procedure is presented here on a simple case of three rule nodes
r , r , and r . Either of the two aggregation rules can be used to calculate the =1
 


Fig. 5. The process of EFuNN aggregation and structure optimization can be viewed as a process of
knowledge abstraction * associated clusters in the problems space emerge from the structure.
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connections of a new aggregated rule node r
(the same formulas are used to

calculate the =2 connections)
E as a geometrical center of the three nodes:
)"(=1(r )#=1(r )#=1(r ))/3.




E as a weighted statistical center:
=1(r

=2(r



)"(=2(r )N (r )#=2(r )N (r )#=2(r )N (r ))/N ,
  
  
  
QSK

(9)

(10)

where Nex(r )"N "N (r )#N (r )#Nex(r ); Rr "d(=1(r ), =1(r ))#


 
 



H
Rj"R , where r is the rule node among the three nodes that has a maximum

H
distance from the new node r and Rj is its current radius of the receptive "eld. The

three rule nodes will aggregate only if the radius of the aggregated node is less than
a pre-de"ned maximum radius R .

In order to chose for a given node r which other nodes it should aggregate with,
H
two subsets of nodes are formed * the subset of nodes Nj-pos"+r , that if activated
I
to a degree of 1 will produce an output value y(r ) that is di!erent from y(r ) in less
I
H
than the error threshold E, and the subset of nodes Nj-neg"+r , so that nodes r
N
N
cause output values to be di!erent from y(r ) and the di!erence is higher than E. Rule
H
nodes r from the "rst subset that are closer to r in the input space than the closest to
I
H
r node from the second subset +r , in terms of =1 distance, are aggregated if the
H
N
radius of the new node r is less than the pre-de"ned limit R
for a receptive "eld.


Instead of aggregating all the rule nodes from Nj-pos that are closer to the rule node
r than the closest node from the other class Nj-pos, it is possible to keep the closest
H
node from this aggregation pool to the other class as a separate node * a `guarda,
thus preventing miss-classi"cation between the two classes in the bordering area.
Through node creation and their consecutive aggregation, an EFuNN system can
adjust over time to changes in the data stream and at the same time * preserve its
generalization capabilities.
Through analysis of the weights =3 of an evolved EFuNN, temporal correlation
between time consecutive exemplars can be expressed in terms of rules and conditional probabilities, e.g.
IFrR\THENrR (0.3).
(11)


The meaning of the above rule is that some examples that belong to the rule
(prototype) r follow in time examples from the rule prototype r with a relative


conditional probability of 0.3.
5.2. Rule extraction and adaptation on the bench-mark time series data
In the experiment described below the following steps were taken:
(1) An EFuNN was evolved on half the data set for one pass learning and rules were
extracted * Fig. 6a.
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Fig. 6. Fuzzy rules (of type (6) as explained in Section 2) are extracted from: (a) an evolved on the "rst half of
the gas-furnace data EFuNN * 33 rules; (b) an EFuNN that is evolved "rst on the "rst half on the data set,
and afterwards * on the second half * 57 rules, 33 of which represent the "rst half of the data * some of
them updated on examples from the second half.

(2) The evolved in (1) EFuNN was further evolved on the other half of the data and
a next set of rules was extracted * Fig. 6b.
When compared the two sets they show a signi"cant di!erence as the EFuNN trained
on the "st set is further evolved on the second set which re#ects in both existing rules
update and the creation of new rules.
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5.3. Comparing EFuNNs with FuNNs
In [34] an extensive comparative table that compares FuNNs and 15 other
neuro-fuzzy techniques on the gas-furnace bench-mark data set is presented. FuNNs
are shown to produce much less generalization error than the other techniques given
there and compare well with the ANFIS system [22]. The clarity of the FuNNs rules
though is much better than the Takagi}Sugeno rules used in ANFIS. FuNNs
generalize well when the problem space is closed and bounded.
Both FuNN and EFuNN produce a similar global generalization error in an
o!-line mode when trained on the "rst half of the data and tested on the second half,
with FuNNs outperforming EFuNNs slightly.
The EFuNN has a de"nite advantage to the FuNN as follows:
E EFuNN structure is open, i.e., it grows and shrinks according to the data distribution and the problem under consideration.
E EFuNNs can be further trained on new data as they do not forget previously used
data, unless the pruning parameters allow for that.
E EFuNNs are much faster than FuNNs as they require one-pass learning.
E The explanation power of the EFuNN rules is better as they are local rules rather
than synergistic rules as it is in FuNN.
Simulators of both FuNN (as part of the FuzzyCOPE/3 environment) and
EFuNNs, that include learning, rule insertion and rule extraction, are available from
the Web site: http://divcom.otago.ac.nz/infoscience/kel/projects/CBIIS.htm.

6. Conclusions
The paper compares two architectures of knowledge-based neural networks
(KBNN) * FuNN, that is designed for o!-line learning and knowledge manipulation, and EFuNN * designed for on-line continuous learning and knowledge manipulation. The EFuNNs are orders of magnitude faster than FuNNs used for the
same tasks without compromising with the accuracy. The proposed method for
structure optimization through rule aggregation can be used to make meaningful
abstractions during the process of on-line, life long learning in the EFuNN connectionist systems.
Further applications include: adaptive speech and language processing [30]; Bioinformatics; intelligent agents on the WWW [54] for "nancial and economic analysis
and prediction; adaptive mobile robot control; adaptive process control; adaptive
expert systems; adaptive arti"cial life systems.
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